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Abstract 

A simple systematic method for calculating derivative expansions of the one-loop 
effective action is presented. This method is based on using symbols of operators 
and well known deformation quantization theory. To demonstrate its advantages 
we present several examples of application for scalar theory, Yang-Mills theory, and 
scalar electrodynamics. The superspace formulation of the method is considered 
for Kahlerian and non-Kahlerian quantum corrections for Wess-Zumino and for 
Heisenberg-Euler lagrangians in super QED models. 
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1 Introduction 



The low energy effective action (EA) (see ref. JIJ) contains all predictions of quantum field 
theory and is a central object of research in physical situations, when we are interested 
in phenomena at an energy scale which is smaller then some cutoff A. Then fundamental 
heavy degrees of freedom of the underlying theory appear in loops only as virtual states 
and an integration over both these mass states and all massless excitations above the scale 
we are interested in leads, generally speaking, to nonlocal quantities. 

Unfortunately, the straightforward calculations even for one-loop EA, determined by 
the spectrum of the operator H = as a functional of external fields, face this 

essential problem. Such a problem can be precisely solved only for some very specific 
simple configurations of background fields, when eigenvalues of H can be found precisely. 
Therefore, the problem of development of the manifestly covariant methods for calculating 
the (non-local) EA as a series of local terms depending on background field derivatives has 
attracted much attention. The leading term, named the effective potential, is the most 
investigated term in the derivative expansion. It is a useful object for the determination 
of vacuum structure of the full theory [0 . 

The most known method for calculating the derivative expansion EA (DEEA) is the so- 
called Schwinger - DeWitt asymptotic expansion P, ||, Kfl. All interesting quantities, such 
as EA, Green function, energy-momentum tensor, currents, and anomalies are expressed 
in this approach in terms of asymptotic coefficient heat kernel decomposition, so-called 
Hadamard - Minakshisundaram - DeWitt - Seeley (HMDS) coefficients. Various effective 
covariant methods for calculating HMDS coefficients has been developed by many authors. 
Schwinger - DeWitt decomposition gives the good description of vacuum polarization 
effects of mass fields on a background of weak background fields. However, the description 
of such physical phenomena as Hawking radiation or the anomalous magnetic moment 
of the electron involves consideration of the nonlocal structure of the effective action. 
Among various methods for investigation of nonlocal effective dynamics, such as direct 
summation of the terms with higher derivatives and integration of anomalies, the most 
preferable is the covariant method of the theory of perturbations J/J. 

On the other hand, it has been known for a long time, that one-loop EA can be, 
at least formally, rewritten as, first quantized path integral for a fictive particle, which 
correctly describes the behavior of spin and color degrees of freedom in external fields || . 
This representation and its modifications are used for calculation of derivative expansion 
in QFT, for research of complicated Feynman diagrams and for application of stationary 
phase method 0. Unfortunately, the application of the quantum-mechanical path integral 
in curved phase space meets the difficulties of its correct definition. This is related to the 
time-slicing procedure |10||, because it is not covariant itself. Moreover, in order to get a 
sense of the path integral, it is necessary to add some designations in the way of finite- 
dimentional approximation. The ambiguities arising from such procedure have the same 
source as the quantization procedure [[□] . 



The powerful nonrenormalization theorems in the supersymmetrical theories [|T^] do 
not prohibit the quantum corrections for superpotential. So far perturbative calculations 
determine the effective Kahlerian potential. When the supersymmetry is unbroken, this 
potential determines both the effective potential of the theory and the kinetic terms. The 
problem of calculating the Kahlerian potential was developed by many authors both 



on a component level and with the use of the supergraph technique ||14j| . The 



generalization of the operator Schwinger-DeWitt representation for an appropriate heat 
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kernel is also developed (see, for example, ref. |T5|). 

The principe of manifest covariance is crucial for effective theories constructing. It 
means that any physical theory, which possesses some symmetry, must be formulated in 
such a form where all symmetries are manifest both at classical and quantum levels. The 
main advantages of the background field method consist in the fact that it allows us to 
formulate supersymmetrical and gauge invariant theory of perturbations manifestly(see 
ref. |16[ and reference therein). 

A lot of interest in perturbative calculations one-loop EA for N = 2,4 SYM theories 
has been attracted recently. It was induced by exact Seiberg-Witten results in N = 2 
supersymmetrical gauge theories without and with material hypermultiplets HT7|| , where 
the Kahlerian potential and mass of stable states are predetermined by holomorphity and 
duality of the prepotential in the space of quantum modules of the theory. 

An undertaken test |jTS| , TS] of the forms of non-abelian supersymmetrical EA by 
direct calculations indicates the presence of one-loop holomorphic functions T and real 
function TC(W, W), which are incompatible with special geometry and consequently with 
N = 2 supersymmetry. Therefore a problem of contributions of higher dimensions 
and their influence on Bogomol'nyi -Prasad-Summerfield (BPS) formula of mass remains 
important. One of the main obstacles in the investigation of the EA in iV = 2,4 SYM 
models in conventional superspace is the presence of infinitely reducible structure. The 
formulation of the theory in harmonic superspace in terms of unconstrained superfields 
|20fl has not quantization problems. Recently, the first examples of quantum calculations 
with manifest N = 2 supersymmetry have been given within the context of harmonic 
superspace formalism [f2l"|] . 

There is an unsolved problem of how to break N = 2 supersymmetry. The N = 
2 supersymmetry can be broken spontaneously or softly if we want to save its useful 
properties. The soft breaking p2] is a very practical approach to analyzing possible 
phenomenological applications of exact solutions. But it has a limited predictive power 
because of a plenty free parameters. Therefore, finding nonsupersymmetrical vacuum 
solutions for the scalar potential induced by quantum effects in the hypermultiplet sector 
of N = 2 gauge theories is an important problem. 

However, the above mentioned problems, despite active attention to them recently, do 
not still go beyond an approximation of constant background fields. In this paper we try 
to develop a scheme [231 for calculations for one-loop DEEA, equally suitable for models, 
which can contain internal symmetry, and gauge or other background fields or superfields. 
In ref. [24] the authors have offered this computing scheme for gauge theories, but really 
they did not go further then extraction of divergences. We want to ratify this method 
as very effective for some problems. It should be noted that in the refs. p3| , |24|| the 
derivative expansion method was presented as a collection of separate useful expressions 
and identities. At the same time the direct connection between them and the problem of 
deformation quantization can be easily seen ]25[. 

We use the definition of a star (or Moyal) product |2(J to give a phase space definition 
of the operator trace. This allows us to get a convenient derivative expansion for the 
heat kernel. The star product approach to quantization is particularly adapted to such 
problems. First, its structure allows us to deal with the expansion in h in a simple way. 
Secondly, it is the only known general quantization scheme which allows the quantization 
of any symplectic manifold including those where a choice of the polarization is impossible. 
Extensive lists of the literature on this subject can be found in ref. [^8] . 
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Here we present a covariant method which consists of a sequential application of 
the symbol operator technique for formal trace calculation of the evolution operator. In 
practice this leads to a normal coordinate expansion of all quantities contained in the heat 
kernel and using the finite translation property of momentum integrals. This property 



is also used in other approaches [^9| to calculate quantum corrections using a modified 
propagator, which has all gauge invariant combinations of background fields and their 
derivatives already. It should be noted that this procedure does not affect the space-time 
relation of background fields. The proposed technique allows us to produce a derivative 
expansion for the effective action on the background of exact solutions for the Heisenberg 
equation. 

Obtaining that or other specific results has demonstrated the character of basic elements 
of the method. We concentrate on advances in other calculation schemes, examples of the 
scalar theory with self-action in flat space P3L |3"0fl , calculation colorless QCD correlators 
29fl , and simple derivation of the chiral anomaly. We shall consider the problem of 



derivative expansion in scalar electrodynamics |JT], which is laying outside the frameworks 
of theory of perturbations. A calculation by a manifestly supersymmetrical way of the 
first famous correction to Kahlerian potential in Wess-Zumino model |32| , [T9[| and super- 



generalization Schwinger EA in super QED [33] will be presented also. 

The plan of the paper is as follows. We begin with a brief consideration of the offered 
method. Then we present several examples to demonstrate its scope for the mentioned 
problems. The paper ends with a short summary. 



2 The method 

The starting expression for the calculation the one-loop EA, obtained by integrating over 
quantum and (or) heavy fields in functional integral is |]TJ Frn = — l/2Trlnif, where 
operator H is the second functional derivative of the action, i.e., the inverse propagator 
in the presence of background fields. To give sense of this formal expression we use the 



known technique of symbols of operators [|11|] . In this approach the quantum expectation 
value of the operator A is 

Tr(i) = / dp(i)A(i), (1) 

where X is the phase space and ^(7) is the function on the phase space (i.e., the symbol 
of the corresponding operator A). The symbol caclculus is based on the so-called star 
product which corresponds to the usual product of operators. In this case the standard 
notation of one-loop EA in the form of the heat kernel or in the suitable for regularization 
( - function form 

I POO 

Ch(s) = — - / dTT°- l Tr(e- TH ), (2) 



r s) Jo 



provides us a connection with Wigner-Weyl-Moyal formalism [34|, since, due to eq. ([!]) 
we can write 

Ch(s) = =^ rdTT s - 1 ( d^)e; TH ^\ (3) 



r(s) Jo Jx 

where e+ TH is the star exponential, defined by 

^ N\ 



3 



This allows us to derive phase-space expressions for the formal trace by 

Tr(A)= [ d^)(A + %T 1 (A) + h 2 T 2 (A) + ---) 
Jx 

in quasiclassical expansion form. 

In order to introduce some notations we will use in the paper we briefly review the 
phase space formulation of ordinary quantum mechanics (originated by Weyl, Wigner, 
and Moyal |2Bj and extensively studied by Berezin fTT|j ). 

Symplectic manifold X can be viewed as a cotangent fiber bundle (X 2n , X n , T*X, uj) 
with the base space X n , fiber T*X and fundamental symplectic two-form uj. In local 
coordinates, we have 7 = (pi . . -Vm x 1 . . . x n ), 7 G X 2n , x G X n ,p G T*X, uj = ^u^dy A 
dy . In Hamilton mechanics X 2n plays the role of phase-space equipped by standard 
Poisson brackets {f,g} w = u^difdjg. 

Let us consider some dynamical system on a flat phase space. Let some quantization 
be chosen, i.e., linear mapping A <-> A between functions in the phase-space (classical 
observations) and operators in the Hilbert space by the following recipe 

A(i) - A = [ dZdriwforiAforietiV-o*), (4) 

where A is the inverse Fourier transform A; (p, q) = T are operators satisfying the 
canonical commutational relation [p,q] = —ih, u>(£, 77) is a some weight function, which 
depends on ordering rule and (£, 77) = 7 belongs to dual X 2n space. For practical 
calculations, it is very convenient to employ a differential form of the last relation, i.e., 

A = Ai-id^j^ | 7=0 . (5) 

Of course an operator can be characterized by function other then phase-space based 
symbol. A prime example is its integral kernel, i.e. the Dirac matrix element (x \ A \ y) 
for which the following formulas are useful. Taking the matrix element of eq. (|j) leads to 
a construction of the kernel starting from the Weyl symbol (i.e., w(£,rj) = 1) 

(x I A\y) = J dpef^A(^-,p). (6) 

One passes in the opposite direction from the kernel to symbol via the Wigner transform 

A(p, q)= f dve^iq + \v \ A \ q - \v) = ^ } f \ P ' , (7) 
J 2 2 (q\p) 

where | p) is the momentum eigenstate. The obtained asymmetric form A is suitable for 
calculations. 

As soon as the mapping A (7) <-> A is constructed, the star product appears in 
phase space, which copies product of operators. This construction is essentially nonlocal, 
which is characteristics of the quantum uncertainty principle. For this basic structure 
there are again both integral and derivative based formulas, which are useful in varying 
circumstances 

(A*B)( 7 )= J jdidi'A^ + 7 , )5(7 + 7'> f7W ', (8) 
(A*B)(j) = e^ a V w VA( 7 / )S(7") | 7=y=7 »= AB + ih{A,B} PB + .... (9) 
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The Groenewold formula (§) is a consequence of eq. ( ||) and provides a small % expansion 
of (A*B). The fact that it may be evaluated through the translation of function arguments 
is the key feature 



(A * B){p, q) = A(p - jd q , q + jd p )B(p, q). (10) 



The image of commutator in the WWM formalism is the Moyal bracket {A, B}m, which 
is bilinear, skewed and obeys the Jacobi identity. 

It can be proved that different choices of star product correspond to different choices 
of operator ordering. Furthermore, there is a Wqq symmetry linking the various choices 
of the star product. 

For a dynamical system on curved phase space the above mentioned constructions 



assume natural generalizations 27 



Because the correspondence A <-> A claims on an autonomous quantum mechanic 
statement, there has to be correspondence between physical results for particular dynamic 
systems. The quantum equations of motion are then obtained from the classical picture 
having pointwise multiplication and Poisson bracket replaced with their star analogues. 
It was proved that for an exactly solvable quantum-mechanical system, the corresponding 
star analogue of the evolution operator has a Fourier-Dirichlet expansion 



T,\ 



er = ElA)(A|e- 
Ae/ 

This allows us to localize a functional integral, turning it into a sum over spectrum of the 
operator H |f25f . 

In a dynamical system, which does not have the exact solution for the spectrum, we 
have to calculate asymptotic expansion coefficients of the heat kernel. Our suggestion is 
that it is convenient to present the star product as the argument displacement. 

Though the operator ordering isn't essential, there are a number of systems having an 
inherit polarization. For example, if the H = p 2 + V(q) then the qp ordering is the most 
preferable and 

e -TH = e -T(p 2 +V(g-ihd P )) _ /-qn 

This is the simplest case where (p, q) G X is a symplectic vector space. In the following 
sections we will demonstrate the treatment of such expressions. 

In more complicated cases such as a particle in external gravitational and YM fields, 
which are connections on a principal bundle over the configuration space Q, the theme of 
strict deformation quantization was discussed in a number of works []35||. First, the gauge 



invariant definition of Wigner function was studied by Stratonovich ||36|| . The specific 
character of such system consists in the fact that the phase-space of the particle is a 
Marsden-Weinstein reduction of T*G, hence this space can also be considered as reduced 
phase-space of a particular type of constrained dynamical system. Then the quantization 
corresponds to assigning quantum operators to be generators of an irreducible unitary 
representation of the group G. However, there is more then one such representation of the 
group and many different inequivalent quantum systems arise from the study of the same 
configuration space. Physically, this means that without a connection we can't separate 
the particle's external momentum from its own internal 'position' and 'momentum' which 
is associated with the motion on the coadjoint orbit. Using the connection V on Q we had 
constructed a star product of standard ordered type * s , which is the natural generalization 
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of the standard ordered product in flat X |]37|. A surprisingly simple analogue of the 
operator 



_ e 2i d Pk a q k 

for any T*Q takes the form 

Here the second order differential operator A is as follows 

where r* fc is the Cristoffel symbol and A is one-form on Q such that dA equals to the 
strength tensor. 

The operator N is globally defined and induces the equivalence transformation, which 
yields a more physical star product of Weyl type having the complex conjugation as an 
involutive antilinear antiautomorfism 

f* w g = N-\(Nf)* a (Ng)). 

This equivalence is again the natural generalization of the flat case. 

The facts mentioned above prescribe the following gauge invariant way to determinate 
the connection Weyl type symbol (related to V ordering, because they are not commutative) 

V p = e id ^(i Pfl + V M )e"^ v = i Pfi + f dr- ird^F^x + ird v ) = (12) 

The action of the operator U = e ldp ' v corresponds to a canonical transformation, 
which leads to the normal coordinate expansion. Here a role of tangent vector, along 
which implements parallel transport, plays J^, in the p - representation of the normal 
coordinates. To find (|T2"D, we used the commutation relation [V M , V„] = F^ u (q). 



For development of the offered technique in superspace where the choice of gauge 
condition isn't obvious, we notice that we have obtained a representation of the vector 
potential in the Fock-Schwinger gauge 

OO 1 1 

without explicit solving the gauge condition q^A^ = 0. The potential term is presented 
by the expression 

V p = e i9 "- v V(q)e- id "- v = V(q + id p ) (13) 

in the normal coordinate expansion form. Now we get a representation of the main object 
for calculations in the form Trln(— D p + V p ). 

The main result of the technique of symbols is that already on the first stage of 
calculations we have found initial expression for H(p, q) containing only gauge covariant 
quantities. The problem of obtaining rm, thus, consists in calculating of the evolution 
operator of some quantum-mechanical problem with the hamiltonian H — — O p + V p . We 
shall calculate the result of star-product directly, order by order in T. It means that we 
will implement p, d p ordering until all terms having derivatives acting on nothing (vacuum) 
will disappear. This is quite a simple procedure. Moreover, the sensible separation H on 
an exactly soluble hamiltonian Hq and a perturbation V allows us to construct expansions 
on the background of H eigenstate. 



6 



3 Derivative expansion EA on a background of scalar 
potential 

As the first example we shall consider a massive scalar field theory with the lagrangian 

C = - m 2 <p 2 - U(<f>) 

and the problem of the inverse mass decomposition EA for comparison of the offered 
method with results string- inspired technique [|30| and other computing schemes |f23| , |j. 



Typical problems in which interaction through derivatives plays an important role are 
connected with stabilization of soliton solutions in the Skirm model, QCD and in the 
Higgs sector of the standard models. 

It is convenient to use a proper time representation for the trace of the logarithm of 
the operator H = — □ + V(x),V = m 2 + U"(<f)). According to the method we get the 
initial representation for one-loop EA 

r (i) = -2./, jrl dxK (n (14) 



K(T) = I d P c -T(p 2 +v(x+id P )) 



where 

^ = /(*)«■ 

is the heat kernel. The expression for the effective action contains divergences and imposes 
renormalization. For the given representation the ( - regularization is intrinsic, which has 
the advantage of automatically preserving a large class of the classical symmetries. 
We leave in the decomposition ( |l3|) fourth order terms in derivatives. 

v p = v + idgv, - l -v» u d^ - ^ wr A + j|^A^7 Ar - ( 15 ) 

The further problem is calculation of a trace of the evolution operator for a fictive particle 
in the potential ([13]). Using the known operator identity 



c 



-T(p*+V p ) = e -T P 2 exp [ T dre +Tp^_ Vp)e ~Tp^ (16) 
JO 



the kinetic term can be separated. As a result the argument of V p is shifted as V p (x + 
id p — 2irp). We shall consider eq. fll3"D as a perturbation and we shall decompose the T 
exponent up to derivatives of fourth order 



Prexp^ dsV p (s)j = J2J Q ds i J Q ds 2 ■ ■ ■ J Q ds n V p ( Sl )V p (s 2 ) . . . V p (s n ). (17) 



Expressions such as e +Tp2 d p e~ Tp2 are replaced with the solutions of the Heisenberg 
equations, i.e. d p {r) = d p — 2rp. The most complicate procedure is the disentangling of 
the star-product. The partial simplification can be reached after commutation d p to the 
left and using properties 

'%9 p %..)=0. (18) 



(27T) 
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All other calculations reduced to trivial integrations 



I (27r) 4C ' {^-iPhPviPpi"-Pim} (AkT) 2 ^' 2T < ^"" ^.t 2 ^ 1 ^ 2 ^ 3 ^ 



For example, 



W = I WV^~ TP2 So dsd > )d ^ s) = -\ TH ^ ( 20 ) 



(2vr 



(d v p TXp ) = —T 3 5 uXt p, (dg 1 - 1 * 6 ) = T 3 ( JMi-«. j 

15 35 

«W> - / ^i*^ fcrtqw = -±T*<r, 

where ^w-w* j s a completely symmetrical tensor, consisting of (2A; — 1)!! terms composed 
from Kronecker symbol products. After rearranging the results by extracting full derivatives, 
we obtain the known result |30] 

A "< r > = WTT^ VT * < 21 > 

x ( : - T2 T3v " v " + \f v ^ - j-ji^^ + w^yw) ■ 

Further integration over proper time gives gamma functions in any order of T. They have 
poles for some terms in DEEA, which correspond to known divergences. 

Previously, it was mentioned that the local Schwinger-DeWitt expansion describes 
the vacuum polarization effect of massive quantum fields in weak background when 
all their invariants are smaller then the corresponding power of the mass parameter. 
However it isn't a good approximation for the case of strong background fields and 
absolutely meaningless for massless theories and weak rapidly varying background fields. 
For investigation of these cases special methods are needed || [7J. The result has an 
essentially nonlocal form. It is interesting to study how some nonlocal formfactors appear 
in our approach for this model. Let's consider the second order V term in the Duhamel 
expression fllTD - After simple manipulation we obtain 

K(T) = [ T d Sl / Sl ds 2 \/(a;)e( Sl - S2 )( n+2ipV )V r (x)e^ (si - S2)(n+2ipV) . (22) 



Performing the integration over p we can see that the result can be rewritten in the form 

t '( T '=(wr*f i! ^ f, "" ,i ' i ^ ,DK 

From the last expression we obtain 

l r dT r ... 1 T 2 



r w ~ - 2 J -J*- J ^j^ T y -'^ v ' < 23 > 



where the formfactor has the known representation 



7 (TD) = / dse— lu (24) 



o 



Using a similar expression for formfactors, one can analyze their analytical properties, 
calculate their high energy limits and their imaginary parts above the threshold, etc. 
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4 Non-abelian gauge fields 



Now we consider the gauge vacuum mean of gluon operators in the form {F 2 ), (F 3 ). In the 
absence of consistent theory of the QCD vacuum, it was assumed that vacuum expectation 
values of local operators, in fact, play the role of fundamental constants for QCD sum rules. 
The necessity to calculate the coefficients in front of these gluon operators in decomposi- 
tion for colorless correlation functions (which is used in a method of QCD sums rules) 
stimulated the development of gauge- invariant methods |29|, |J. Unfortunately, in the 



standard Feynman diagrams technique, calculating the diagrams with emitting gluons 
from a loop and rearranging vector potentials in gauge invariant structures, is a rather 
hopeless problem. Because the determinant of the Dirac operator is determined after 
squaring by the Klein-Gordon operator, we limit ourselves to the consideration of a scalar 
loop in the external nonabelian field with the lagrangian 

£ = ly^W + mV; H = -V^V^ + m 2 . 

According to the prescription described above, we use a representation of one-loop EA 
(0) with H(p,d p ) = V^V^ + m 2 , where is a covariant pseudodifferential operator 
(|12|). After extracting a free part from H in the form H Q = p 2 (which corresponds to the 



approximation where the particle motion between the interaction is free) and separating 
exponents similar to those in eq. fll6|) we shall calculate vacuum mean dimensions (—3). 
Nonzero contributions from (|i7|) in the procedure described in the second section will give 
the following results in the first and in the second order of the decomposition of the T 
exponent, respectively 

1 i i 

~^F UfJj F T ^{d p ) + -^F 1/fitT \F a ^{d p ), —F u ^^F Taja ((d p )). 

The other terms are either full derivatives or contain as a factor from the left or right 
p^dpFpu, which leads to zero contributions. Further, performing trivial calculations similar 
to ( pOD and using the Bianchi identities we will get the known result |29|. |J 

-Tm 2 / T 2 / p3 1 \ \ 

K(T) = 1 + —F. U F, U + T 3 ( — —J 2 , (25) 

v ; (4ttT) 2 V 12 \180 60 J J' K ' 

where F 3 = F^ u F ua F afl , J 2 = F^aF^p. Thus the first (after unit) term of the 
decomposition is related to renormalization of charge. 

A less trivial problem is the calculation of the next HMDS coefficient 63 ~ (J^J . The 
simplification is reached on free equations of motion F^ U41 = 0. In the first order of the T 
-exponent decomposition we obtain the following contribution 

1 T 4 

P P x (^r<Tpva\ _ p p sXrapua 

^ gj 1 ap ± upperrX / gj 1 ap ± uppar\ u i 

where only 10 of 15 members are nonvanishing. After some manipulations with commutating 
of derivatives, using of Bianchi identities and equations of motions we get the contribution 

• ,/! r [F aP ,F^} 2 + ±-[F a ^F pa } 2 ). (26) 



7-2-6! V L p ' ^ PJ 10' 
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The contribution of the second order of the decomposition (17) is 



2 • 6! 



({Fan, Fp^i} 2 + ^(Fv^Fv^) 



The full result for 63 

rp4 



2 • 144 



(F Vfl F ulx ) 2 + -{F afM , Fp^} 2 + -[F a/3 , F^f + — [F afJ ,, F pa } 2 ^j 



(27) 



(28) 



coincides with ||29|| . It should be noted that the huge number of terms in the decomposition 
can be omitted at once, that essentially reduces body of work and demonstrates that 
computation of higher power corrections might be considerably simplified. This is important 
for the analysis of convergence for the series in 1/ m 2 . 

We have considered two well known examples. Less trivial application of the EA 
expansion was used in ref. [f|0| for the investigation of axial anomaly. The problem of 
generalization world line path integral representation [[38|, [39] for amplitudes involving 
axial vector leads to another interesting application of the derivative expansion. It is 
well known that if the spinor fields are coupled to background fields A p , A 5fl and the 
pseudoscalar one than the axial current has an anomalous divergence. The Dirac 
operator, suitably continued to Euclidian space, isn't Hermitian and the anomaly can 

[XTfl using the integral 



be attributed to the phase of the functional determinant. In 
representation of the complex power for the pseudodifferential operator, it was obtained 
an unambiguous definition of the determinant for the Dirac operator. The determinant is 
shown to be vector gauge invariant and it posseses the correct axial and scale anomalies. 

Another popular starting point is the second order description for the fermionic one- 
loop effective action 



1 



(i) 



{Tr log HH^ + Tr(log# - log^)}. 



The derivative of the second term in the last expression with respect to the background 
field can be written as 

which allows us to derive an elegant representation with the help of an auxiliary integration 
for the imaginary part of the effective action, i.e., for the phase of the fermion functional 
determinant. Recently H40 , it was found that for the special case where the background 
consists only with an abelian vector and an axial vector field there is a much simpler 
solution to this problem which treats both parts of the effective action equally. The price 
which we have to pay for this property is that the kinetic operator occurs non- Hermitian. 
We consider a more complicated example contained general nonabelian fields A a ^ Af„. It 
is easily to establish that 



(^+4 + 75 4 5 ) 2 = - 
where A p = A p - ^a^A", A = A a T a , and 



+ Q, 



(29) 



Q = ~^uF^ + ijsA 5 ^ + 1A\ + -a^[A 5tl , A 5u ] 



(30) 
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with 

F \>,v = d^A u — dyA^ + i\A^, A v \. 

Using such a trick, the effective action is formally identical with the effective action for a 
scalar loop in non-abelian field A and potential Q background. A new gauge parameter has 
values in the Clifford algebra. Let's apply the method, described above for the calculation 
of the quantity 



(1) 2 J T" J " " (2tt) 4 
Repeating the above calculation for this case, we get the known results 

K(T) = ^tr{l -TQ + T^-Q 2 - 1^)+ 

1 ., 1 „ „ 1 % „ 1 



+ T 3 (--Q 3 Q U Q U + —QT 2 JF 3 H J 2 )} (31) 

v 6^ 12 ^w T i2^ 180 60 ;/ v ; 



where 



= ^ + 750"[maA,^] + ^[^^rA^Al, 

We shall need to perform the Dirac traces. We see that unlike the vector case, the axial 
contribution to the imaginary part has an additional term proportional to m 2 A\. This 
term is prohibited by gauge invariance in the vector case, however this term may appear 
in axial theories with massive fermions since those theories violate the corresponding 
gauge invariance. Logarithmically diveregent terms combine automatically in the gauge 
invariant expressions 

3 

where G^ u = + i[A 5fl , A 5u }. Therefore it is necessary only to introduce the kinetic and 
mass counterterms for the axial field in order to render the theory be finite. The third 
HMDS coefficient contains a lot of terms. Keeping only the contribution which comes 
from the three point function (AAA 5 ), we get the famous result 



K(T) ~ T 2 -Tr c {G%G% + G$G$}, 



K(T) ~ -T*Tr c [GipG£;A 5 ^ + ^{G^ GpA'J (32) 



It has shown that the effective action induced by a spinor loop can be rewritten in terms 
of an auxiliary nonabelian gauge field and a potential. This allows us to discuss the chiral 
anomaly from a novel point of view. 



5 Derivative expansion of EA in QED 

In recent years a lot of problems related to intensive fields and non-linear processes such as 
photon splitting, non-linear Compton effect, and pair production below the two photon 
threshold [Q were experimentally investigated. So far the problem of going beyond 



perturbation theory increased so much, that the description of quantum processes becomes 
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rather urgent and gets practical goals. Really, studying the limit of a strong field we obtain 
the same information, as from a polarization function in the small distance limit. 

Unfortunately, the validity of the famous Schwinger lagrangian || calculated almost 
a half-century ago and the two-loop exact results |45j are limited by the constant field 
approximation. The generalization of the Schwinger result on strong varying fields or 
fields located in small area is very interesting from the physical point of view. Recently the 
authors |31| presented the next (after Schwinger term) nonperturbative term F Q/ g A F -5 i7 L^ a/37cr 
in the expansion of one-loop EA. Their result was obtained from the representation of the 
path integral. Even for electrodynamics it is a rather difficult problem. 

In this section we would like to demonstrate the capabilities of the proposed method for 
the computation of the complete form for the first nontrivial correction to long wavelength 
limit of the EA. We use the representation for the pseudodifferential operator V p 
and the proper time representations for EA, induced by a scalar loop. 

Let's consider this example in more detail. For the calculation of the expansion on 
a nonperturbative background it is necessary to split out free and perturbation terms in 
the expression e - T ( n2 + A(1) ) ? where 

n M = Pm + \d v v F v ^ [n M , n„] = (33) 



A« = l -F { ^ T) (m,d™ + %8ft - \F ( ^ rX) (m,d^ + 5^>) - l -F {v , >T F piXjX) d^" (34) 

Here parentheses means symmetrization with the appropriate weight. The interested 
terms in the expansion of T exponent ( |T7| ) for the heat kernel are 

K{T) = e" rn2 {l + jT T dse sn2 [^F u ^ TX (2U,d^ + ...) + I^F^c^e"* 112 (35) 

-hW^oA? / 2 ds f ds'e sn \2Yi^ + . . .)e-^ u \2U^^ + . . .)e s ' n2 }. 
y Jo Jo 

The following step consists of replacing e sn2 ILje~ sn2 , e sIl2 d£e~ sn2 in appropriate solutions 
rLj(s), <9^(s) of equations of motion 

ii( s ) = [n 2 ,n( s )],^(^) = [n 2 ,^( s )], 

i.e., 

n„(a) = 11^00, d^s)=d^ + WB^s) 1 (36) 

where P(s) = (e~ 2sF ), B(s) = -p(e~ 2sF — 1). After II, d p ordering it is necessary to take 
integrals over p. In principle, some methods for solution of this problem has already been 
used by Schwinger. Recently to a similar problem have addressed the paper [[17j , with the 
reference to heat kernel calculation methods developed in |46[j . 

To treat the first term in fl35|) we notice that the operator II 2 is the hamiltonian 
of the two Landau oscillators in momentum representation. The kernel of the operator 
(p' | e _Tn | p) is well known explicit Meller formula, frequently used for direct calculation 
of the index of an operator. It is important, that this kernel is a well converging expression 
and consequent ly[] 

/ ij&jW***^ = (37) 

1 Using this property, the authors Q have reproduced the Schwinger result. 
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For future convinience we define the moments 



K, 



a\a2-..a n 



d4p e- Tn2 n n n 



(2vr 



In particular, for n = 2we have 







d A p 



d b Je 



-TIP 



n„ 



6>K + K ca B b c . 



(2vr) 4 " pv 

The expansion of a matrix B begins with unit, therefore one can be inversed B~ l and 

K ab 

Similarly 



-KB*- 



K, 



■■■0,4 & \B a 2 ai-B 0,40,3 B a3ai B aia2 



JD — 1 JD — 1 \ 

0401 0302 / ' 



We also need in the relations 



K, 



a\a,2...0Q 



"(^0201^03.-06 + B a3ai K, 



<-a,2a,4...a6- 



The kernel K(T) satisfies the differential equation 



or 



K 



— tr((l - e 
2 vv 



2TF\ 



dK 

It ' 

_ x dK 
dT e 

dT K 



-K n 



tr 



KB~}, 



-2TF 



tr 



Fe 



2TF 



3 2TF- 



(3? 



e 2TF )) = -itrA ln(1 _ e ^ 



here C = 2ir/F is a constant of integration, determined from a known limit .fT = l/(47rT) 2 
for small T, when the particle can be considered as free. With such a choice we find the 
standard result 

1 J^T 

K(T) = - [det —— -] 1/2 (39) 

V ; (4ttT) 2L sinh(FT) J v ; 

As a next step, it is necessary to calculate several functions from matrixes F^. It is 
known jP| that for any constant field F^ there is such a reference frame, where magnetic 
and electrical fields are parallel and their values in this system are relativistic invariants 
of the field. Or, if they are perpendicular, it is possible to find such a reference frame, 
in which the field is either purely magnetic or purely electrical. Therefore the canonical 
form F in this system has a block structure 



( 





Ai 









-Ai 






















-A 2 


V 








A 2 


/ 



There is a connection between eigenvalues and invariants of the field 

H ± = (X l ±iX 2 ) 2 = l(F 2 T*F*F). 



(40) 
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Any degree F can be decomposed over basis of linear combinations of F,F*,F 2 and g. 
Thus, for the exponent from a matrix P = e aF we get 



P = e aXl A 1 + e~ aXl A 2 + e iaX2 A 3 + e~ iaX2 A, 



4j 



where A® is another known basis [15 



2(A? + A| 



-(F 2 + A 2 g + AiF - A 2 F*) 



A (2) 



2(A? + A|) 



(F 2 + A 2 # - A X F + A 2 F* 



A (3) 



2(A 2 + Al 



-(F 2 -A^ + iA 2 F + iAiF* 



A (4) 



2(A 2 + A 2 



-(F 2 -A 2 #-zA 2 F-iAiF* 
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1 
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l 












1 




-1 


-l 












2 


















\ 













J 






/ 


1 - 


-1 


n 
U 


U 






1 




1 - 


-1 


o 


o 






2 




















Vo 











) 








(o 













\ 
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2 
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—i 










\o 
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1 




) 






(0 











\ 




1 
















~2 
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i 










vo 





—i 


1 


) 




, A w 









for 


i ^ 3 



transposition operation translates A\ «-> A 2 and A 3 <-> A 4 . 

Calculation of matrix functions F and F -1 leads to remarkably simple results 

B = £Awi(e°* - 1), F- 1 = ^('Vi(e Q/i - 



(41) 



It is convenien to use the notations 

/i )2 = ±Ai, / 3)4 = ±zA 2 . 

Now we can easily get 





/l 










sinh(aF) sinh(aAi) 





-1 








aF aAi 
















VO 








oy 



+ 



sin(aA 2 ) 



{0 \ 



0-10 

V0 -I J 



and for the kernel we obtain the Schwinger result 

1 TAi 



K(T) 



TXn 



(47rT) 2 sinh(TAi)sin(TA 2 ) 



(42) 



Then we can implement all necessary substitutions, II, d p ordering of the operators and 
integration over momenta in the other terms of expression (|3o]). After some manipulation, 
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all matrix structures P,B,B 1 depending on s, s', T are grouped in several combinations. 
The main group is 

B T {s')B-\T)B{s) - B T (s>) = - £ l^V'C-) sinh( /iS ' (43) 



which coincides with the Green function, used in the path integral method [[31 



D (*> s ') = E ^h(! " e 2 ^ s '-^) + + coth(/,T)(l + e 2 ^'^) - (44) 

1 < e fi(2s'-T) +e /i(-2 S +T)xxi_ 



sinh(/-T) 



The other arising combinations of matrix structures are derivatives of D in s, s', that can 
be easily seen 

B?( S ')B-\T)B(s') - B T {s') = H-jA"' sinh(/ (S ' J ^ff^' = D(s', s% (45) 

i>V)fl-'(r)fl(.) -i>V) -S^^^y = "sl^''' 
P* W rHT)PW = £ 2sinh(/ i r) = (-^) HI) c < s ' s '>' 

In these notations the result for the expression in the braces fl35|) looks as follows 

1+ f T dsi^-F^^^D^T^s, s) + --F^^x^D^^Dt-x + D Ttl D u \ + Dx^D^^s, s) (46) 
JO o 4 

+ -F u ^ T F m x(D UT D p x + ZV^A" + iV£>Ar)(s, s )) 
y 

4 f T f s ■ ■ , 

+ TF v ^ T F a p^ ds ds\D^^{s,s){D^ p (s\s')D a)v) {s,s) + Dp v) {s,s')D ai {s\s)) 
y jo jo 

+ D( afl (s, s')(Dp {T (s, s')D l)v) (s, s') + Dt)p(s', s')D vt {s, s)) 
+ 23^ (s, s')(-D( 7T (s, s')-Da)„(s, s') + A, r (s, s) D aj (s f , s'))) 
The last step is the calculation of a plenty of standard integrals such as 

jD = T^^L(f l ,T), J DD = T*Y: A® xA®{L(Tf i )L{Tf j )+ L ™ ~ L ™ }. 



Because of combersome of the general result, we do not present it here. Besides it is 
inconvenient in a particular physical problem, where it is necessary only some terms. 
Let us note only, that functions of proper time T and relativistic invariants of fields 
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setting in front of every possible contractions F^^, F^ T F a p a and with direct products 
A®, A® x A^, AW x x are combinations of Langevin functions L(x) = xcot ^ ( 2 x) ~ 1 
and they are presented in paper |TT] . 



Furthermore, it is necessary to implement renormalization through the subtraction 
based on common principle, which requires putting in zero the radiation corrections at 
the switched off field as in the original Schwinger paper H , and replacing all bare charges 
and fields through the physical. Therefore it is easier to return to the initial expressions 
and to execute all manipulations with necessary accuracy. 

When the mass of the scalar particle is greater than all other scales of the theory, we 
can limit the expansion by the next terms to unit 

K{T) = ^ (^-F^ X F^ X + ^iV^,Ax) • (47) 



This result agrees with |42| . Recently, similar methods for calculation of corrections to 



the long wavelength limit of EA on Yang-Mills background fields was used in E3 



It is obvious that the expressions (46) for the description of particular processes in 
nonconstant background fields are exact in mass of a charged particle and field strength. 
The gradient corrections are very important for the analysis of the effective potential, 
since they can reduce energy of the ground state. 

This detail presentation evidently demonstrates possibilities to obtain the corrections 
on background which possess exact solution of classical problem. Because of a large 
number of physical set up of problems in nonconstant background fields, it is useful to 
have in an arsenal of tools of their solution a method, which is alternative to path integral 
representation. 



6 Quantum corrections in Wess-Zumino model 

We demonstrate how to apply the proposed technique to calculation DEEA for the 
supersymmetrical theories in the superfield approach. The doubtless advantage of the 
offered method is that this method does not required the determination of many various 
Green functions for calculation of functional trace of the appropriate heat kernel. To show 



it, we obtain the known Kahlerian potential of Wess-Zumino model [IS, [19], |32| and lowest 
order nonkahlerian contributions to one-loop effective potential. 
The Wess-Zumino theory described by the action 

is a good model for test of various supersymmetric methods, since it has all specific 
peculiarities of the theories with chiral fields, and it enters as an inherent ingredient in 




many superfield theories [16 



It is known that a problem of a definition of a superfield EA agreed with symmetry 
of the theory can be very effectively solved in the framework of proper time superfield 
technique [|15|, |32|. For functional integration over quantum chiral fields ,which arise after 
splitting of fields on quantum and background ones, it is convenient to introduce unlimited 
superfields = D 2 ip and 4> = D 2 ip. In principle this introduce a new gauge invariance 
into the action, but in the absence of background gauge fields, the ghost associated with 
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this gauge fixing are decoupled. Another procedure transforming the path integral over 
the chiral superfields into a path integral over general superfields has been developing in 



15| . The functional integration over ip,ip leads to a determination of the effective action 
in the form — |Tr \n(H(x, 9, D)) with the kinetic operator for the given model 



( x 


D 2 \ 


ZD 2 


° ^ 


[d 2 


A ) 


\ o 


D 2 ) 



H = \D 2 aJvO D 2 ) 1 Where X = m + 9<t>{BG)- (48) 

Except a functional trace, the operation Tr means a matrix trace as usual. There 
are many techniques of calculation the Kahlerian potential which is an analogue of the 
Coleman- Weinberg potential [TjJ . 



We can implement the Fourier transformation in superspace, though it isn't necessary, 
since the 5-function of Grassmanian coordinates is explicitly known, as well as the action 
the D, D derivatives on 

S( z -z')= [ ^ d ^ d ^(*-z'>p+^(°-o'U+tHe-e>)^ (49) 
J (2tc) a 



We use the superspace agreements from ref. [jrj| and we will omit the obvious indexes. 
Commutating exponents on the left through the differential operators we find in the 
coincidence limits the standard replacements 

D e = d e + i/29d -*4>-^p9 + Dg, D s = d 5 + i/289 ^^-^9p + D s . (50) 

To obtain the covariant symbols of the operators D, D in momentum representation we 
use identities 

U(D e + if, - l -9p)U- 1 = V - \d^p = D p , (51) 



U(D § + $ - ^U- 1 = i> - X -d^ V = D p , 



where parallel translation operator was chosen in the form 

The anticommutator {D p , D p } = —p and, naturally, all useful algebraic relations for D p 
have the same form as in Dg algebra. In addition, we have a transformation for a general 
superfield 

0f = U(j)U- 1 = <P(x + id p ,9 + d^9 + dj) (53) 

which is the finite degree polynomial in d^, with factors Dg . . . Dg<j). 

Let us note that other arrangement of exponents in eq. (|5^) related to the corresponding 
replacement of the normal coordinates. For example, the same transformations with 

give us 

^-d^p = D p , $ = D p . 
The steps described above from the operators to the pseudodifferential operators on 



the phase superspace are conventional (see ref. p4j). It should be mentioned, that the 
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final result for the trace of the operator does not depend on selection fl49f) which reflects the 
chosen ordering scheme. The replacements (|5"ID, fl5"3|) actually correspond to the transition 
from the operators to their symbols and can be justified by the arguments similar to those 
described in the second section. 

Limiting ourselves to a problem of calculation of the first correction to the potential 
in decomposition over Grassmanian derivatives, we split the pseudodifferential operator 
H, acting on phase superspace, in two parts 

where A = d^DgcX, A = d^D g &X and H copies the form (pE8"|). In the following steps we 
will write D, D instead of D p , D p . This must not confuse, because Dg, D§ are contained 
in A, A only. Then the Kahlerian potential and the correction can be split 

(AD 2 



Trlntf + Trln(l + ( Q 



For calculation of Tr ln(ifo) we take out and omit the 'free' part of the operator 



D 2 D 2 
D 2 D 2 



It is clear, that in the expression 



the nonzero contribution will give only even degrees of the logarithm decomposition. 
Unfolding the matrix part of the trace we get 

Further, using the decomposition of unit in front of the logarithm in the form 

_ {D 2 , D 2 } — D a D 2 D a 
~ □ 

one can convert all spinor derivatives in "boxes" □ = —p 2 . After that we obtain 

Km =Iw>4 ln{i+x ^ (56) 



which gives the known result |32|, [L9| after integration and renormalization of a wave 
function by the condition ^| 0=0o;< ^ o = 1. 

For calculation of the next nonvanishing contribution in the EA expansion, we rewrite 
Hq 1 in the form 

i n2 n x / — La J-D 2 

£)2f)2 u [ > \ I n , 1 n i 



where □+ = D 2 D 2 - XX, □_ = D 2 D 2 - XX. Then 

V AD 2 J K ^ j ~\ AD 2 ^ -APx^-X 



(AD 2 \ i f-AP 2 ^-X AD 2 ^- \ 

W) = *°t a d i" \ I ' (57) 
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where Pi = D ® , P2 = D J? are the projectors in momentum representation. The first 
nonvanishing contribution in the decomposition of the logarithm gives trace of the fourth 
degree of the matrix (we keep in mind the properties of integration over d 2 ipd 2 ip). 

Moreover, among 16 terms the zero contribution automatically comes from terms 
containing powers more than two of A, A and also from terms containing AD 2 and AD 2 
from the right, because the derivatives ota and contained in A, A act on nothing. We 
are left with 

^j(AD 2 D 2 AAAD 2 D 2 + AD 2 D 2 AAAD 2 D 2 ), 



□ A = □ - AA. 



We shall transfer d^, to the right, using Heisenberg relation {d^, D p } = 1. The trivial 
integration over Grassmanian and usual momenta gives us immediately the known result 



(1) _ 1 u-\u a \u-\Ug\ 

~ o 07 \2\2 ' \ tit 



for the non Kahlerian terms |J9[ |32]], leading to quantum deformations of classical vacuum 
of the theory 

1 D a XD a XD dt XD^X 
3^27 A^ 

where the factor 2 -7 is caused by the superagreements. This kind of one-loop quantum 
correction is called the effective potential of auxiliary fields. Certainly, such quantum 
corrections are important inN — 1,2 supersymmetrical models, since they lead potentially 
to the removal of degeneration in classical vacua of the theory. This method should be 
quite general and has important applications for other interesting cases, for example for 
models with explicitly broken supersymmetry. 



7 Heisenberg-Euler lagrangian in SQED 

In this section we develop manifestly supersymmetrical gauge invariant strategy of calcu- 
lations of one-loop effective action for the most general renormalizable N — 1 models 
including Yang-Mills fields and chiral supermuliplets 

S = trJ d 6 zW 2 + J d 8 z$e v ® + [ J d 6 zP($) + h.c] 

In more detail we consider the one-loop diagrams only with external abelian superfields 
and the expansion in terms of spinor covariant derivatives of superfields W, W which 
can not be reduced to usual space-time derivatives. This approximation corresponds to 
generalization of the Heisenberg-Euler Lagrangian of usual QED. The background field 



method in superspace |L5], |16| allows us to treat both vector supermultiplets and matter 
superfield on the equal footing and in an explicitly gauge-invariant way. However, in 
contrast to ordinary gauge theories the gauge connections are not independent objects 
and are expressed in terms of the prepotentials. 

The basics of the method in its " quantum-chiral background- vector" representation are 



given in ref. JT6[. This approach implies that higher loop contributions can be arranged 
in such a way that background fields appears in Va, Wa, $ only. After expansion of full 
action, including gauge-fixing and ghost terms, in powers of quantum fields, the quadratic 
part determines a matrix of the kinetic operator acting in the space of all quantum fields. 
The physical quantities depend on particular gauge invariant combinations of the gauge 
superfields only, such as the field strength and derivatives thereof. 
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As in the previous section, the replacement of the operators by their symbols gives 
V — > tp — ^pO+'V with manifest dependence on grassmanian coordinates. To obtain gauge- 
invariant and manifestly supercovariant symbols of operators, we use identities (|5l|) with 
replacement of the flat D's by covariant ones. 

Using the known notations and conventions from ref. [1(J, we find the expansion of 
the symbols V p = U{ip - \p9 + V)^ 1 in superspace "normal" coordinates 

V p a = V Q - \d>^ + \d & {difp h + 4f Pa ) - l -d a d a iW^ (59) 
+\d 2 iW a + \d a B 2 D' + ^dPifpa + ... 

- ia i S a D / + -f&ifa + ... 

We do not specify here obvious indexes ip,ip,p in the d representation of normal 
supercoordinates. The quantities /, D' are the standard notation for superfields f a p = 
§V( a W/3), D' = -fV a W a , V a W a + V & Wa = 0. Here the dots mean the expansion in V a& 
derivatives, which we shall omit keeping in mind problems on the constant background 
which is independent on space-time coordinates, but with arbitrary dependence on Grassma- 
nian coordinates. By the construction, the normal coordinate expansion used gives the 
connection decomposition in the Wess-Zumino gauge. 

Similarly, for a vector derivative we have 

VL = ^ + ^(<9^ + <9f/^ (60) 

It is not difficult to check up the validity of the identical correspondence of the algebra of 
covariant symbols to the algebra of covariant derivatives 

{v p a , v p j = w p a& , [vl, vy = i(c j 0a + cpcfa), (6i) 



[v;, VL] = c $ .w*, [vi, w*] = o, 

where = \JWJJ~ 1 = W a + d@ fp a — id a D'. This is the verification that the gauge 
connection given by (|59|), ( |60"D indeed gives rise to the field strength. 
It is convenient to present in a remarkably simple form 

yp _ J. I Lf) & \/P . V p = ib ■ + -d a V p ■ 



where 



$a=ll>a+ ^dJ^iWa - ^B 2 lW a - ^d^if^ - ^d a B 2 D' 
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So, we have obtained the connection decomposition in normal supercoordinates, which 
naturally can be called a supergeneralization of the Fock-Schwinger gauge. For some 
disscussion about this subject see ref. |5l[ . 



Let us consider a particular example of calculation of the one-loop contributions of 
chiral superfields in the diagrams with external vector legs. It is known ]16| that such 
contributions in the full EA are determined by the expression Tr{ln(V 2 V 2 — m 2 ) + h.c.} 
Using / d A 8 = J d 2 8V 2 , we obtain the known basic chiral expression 

J d 2 6 ln(V 2 V 2 - m 2 ) V 2 5 {8) + h.c. = J d 2 6 ln(D+ - m 2 ) V 2 5 (8) , (62) 

where + = □ — iW a 'V a — i/2(VW) with covariant □. The transition to the momentum 
representation consists in replacement of the assumed operators and fields by correspon- 
ding pseudodifferential operators and the additional integration / ■^^ I d 2 ipd 2 ijj. Obviously, 

all d^p, 3$ symbols from right-hand side of V 2 can be omitted, since they act on nothing. 
Having in mind the property of the Grassmanian integration, it is also possible to omit 
all d$ acting on ip 2 inside the logarithm and to perform integration over d 2 ip. 

Further, it is convenient to proceed to the proper-time representation for the logarithm 
of operator and to use the appropriate £ regularization ~ — C'(0). The next step in our 
strategy, which helps us to get the final result practically without computations, consists 
in separation of exponents of the operators V p and the covariant 'box' 

K(T) = e- TD ' I ^^e- TV ^e Tn ^'-, (63) 
J (27r) 4 

where the omitted terms are WW and W 2 W 2 , since the factor in front of the integral 
obviously will be W 2 . Moreover, in the considered U(l) gauge effective theory, they do 
not give the contribution. With the purpose to reduce the problem of performing the 
trivial integration over d 2 if), we extract from the T exponent 

exp T(tfj a iW a + ^Nf), N% = if% + 5pD', 

the operator of affine transformations, i.e., exp^^c^). Using 

[ifj^, </> 7 ] = 6fy a , exp(V^A^) -1 = 1, 

and the identity (0), we get 

K(T) = /(0i^- TD 'exp|-zH/« 



N 

W 2 e- TD 'tr ( [ 4^ el Up - < (i 1 > 




The last factor is the Schwinger result (|39| ) for a scalar loop. For calculations of a factor 
which modify the Heisenberg - Euler Lagrangian, we diagonalize the matrix iV and find 
directly 

r (1) = / w /; ^-Wz-W^ (65) 



21 



where was defined in eq. (flOf). Note the coincidence of this result with the result 



of [[!3|, ^7J, obtained by essentially different methods. Certainly, there is an ultraviolet 
divergence, which can be excluded with the help of a wave function renormalization. It 
is important to note, that the corrections to W 2 contain nonholomorphic, in the sense 
of Seiberg, terms f & g. The superfield action ( |65f) reproduces correctly the results of the 



calculations on the component level |L3 



In the last example we will consider contributions from only the quantum gauge field 
V. After splitting the field into a background and quantum part, the SYM action in 
Fermi - Feynman gauge is 

S = — ^-Tr[(e- y V Q e y )V 2 (e- v 'V a e y ) + V(V 2 V 2 + V 2 V 2 )V]. 

The quadratic action has the form 

So = -^Tr (yp - iW a V a - iW & V & \V) . 

All the dependence on the background fields is through the connection coefficients and 
through the background field strength. Further, we use the heat kernel representation of 
the EA and change all quantities by pseudodifferential operators as before. In this case 
□v = Dp + iV p a Wp + iV^Wp. Here all one-loop background graphs are finite in super 
QCD theories, but they potentially have an infrared singularity, that is an attribute of an 
unstable mode. We consider U(l) gauge theory case. Following our strategy, we set all 
three operators in separate exponents 

e T ^Wp a e T ^ iW ?L(W, W)e TD *>. 

where L(W, W) is the function of the superfields W, W and the operator V^. For SQED, 
where the power W is limited by 2, the function does not give the contribution to the EA. 
Now, as well as in the previous example of this section, we have nonzero contributions to 
d 2 ipd 2 ip integrals 



d 2 H 2 ^e T ^ w ?e T ^ iW * 



d A p 



e TU t 



(2*y 

and we can, using results of the previous calculations, show at once the final result 

K(T) = M ,H^det(!^)det(!^)^[det-iZ_]^, (66) 

where N@ = iDaW 13 , N? = iD^W 13 . To check this result, we could use the technique of 



correlator calculation [47|, which we have already demonstrated in section 5. 

As well as for covariant constant YM background, the condition [V a d, Wa\ = leads 
to the anticommutator {W„, W£} = 0, i.e., in this approximation the superfields W,W 
are effective abelian, and we can use the results for the EA super QED with certain 
changes. Full DEEA on a SYM background and chiral superfields both in adjoint and 
in fundamental representation demands a more detailed consideration. The complication 
originates from and mass terms in the operator Dy, which depends on chiral fields. 
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8 Summary 



In the present paper we develop elegant and effective technique based on noncommutative 
geometry of deformation quantization for calculation of the expansion in the derivatives of 
background fields for the one-loop effective action. It is important that the supersymmetrical 
and gauge invariant form is conserved through all stages of calculations. We use the 
simple idea of exploiting a canonical transformation that leads to the normal coordinate 
expansion of symbols. It is the well known realization of equivalence principle which 
requires the existence of such a reference frame at every point that the effects of gauge 
fields can be locally neglected. 

To test the approach suggested we focused on comprehensively investigated models, 
though all constructions could be applied straightforwardly to the QFT models involving 
difficulties in the quantization. In all examples considered, the results of the proposed 
computing scheme coincide completely with the known ones. The suggested approach 
allows 'manual' manipulations to be effectively replaced by computer methods to get all 
next HMDS coefficients in the expansion of the one- loop effective action. 

It can be also said that the approach shows the problem from another side and extends 
our knowledges about the structure of the path integrals. Other applications of the 
presented method and its modifications for nonflat and harmonic superspace will be given 
in the subsequent papers. 
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